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Abstract 

A recently introduced approach for the dynamical analysis and quantization of 
field theoretical models with second class constraints is ilustrated applied to lin- 
earized gravity in 3-D. The canonical structure of two different models of linerized 
gravity in 3-D, the intermediate and the self dual models, is discussed in detail. 
It is shown that the first order self dual model whose constraints are all second 
class may be regarded as a gauge fixed version of the second order gauge invari- 
ant intermediate model. In particular it is shown how to construct the gauge 
invariant hamiltonian of the intermediate model starting from the one of the self 
dual model. The relation with the t opologically massive linearized gravity is also 
discussed. 
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I. Introduction 

The dynamical analysis and quantization of constrained systems [1] has been 
actively studied for many years, but still presents unsolved problems which repre- 
sent serious obstacles to extract the physical content of different models. Some of 
these problems emerged from the very involved, and sometimes bizarre constraint 
structure of some of the systems of physical interest. But some others are of a 
very fundamental nature and relate with the basis of our understanding of, for 
example, what is a gauge symmetry. This is the case with the very old problem of 
the quantization of systems with infinitely many degrees of freedom and second 
class constraints [1]. For these systems at odds with what occurs when there 
are only a finite number of degrees of freedom the Dirac Bracket construction 
in the operational approach or the Senjanovic-Fradkin path integral [2] does not 
represent a practical solution in most of the cases. The reason is that in general, 
as occurs for example in Superparticle and Superstring models [3], the inversion 
of the Poisson Bracket matrix of the constraints leads to non-local cumbersome 
expressions. After the development of the Batalin, Fradkin and Vilkoviski (BFV) 
method [4] for models with first class constraints, one natural approach to follow 
for second class systems is to search for an associate canonically equivalent model, 
with only first class constraints. This idea was explored in some recent papers 
which addresed this problem [5] [6] [7] [8] . 

In Ref. [5] , a method was presented for the construction of an enlarged phase 
space where the original second class constraints have first class counterparts. The 
associated BRST charge in the enlarged phase space, in terms of an auxiliary 
operator algebra was also discussed. In Ref. [6] some of the ideas of Ref. [5] were 
developed further leading to a much simpler formulation of the associate first 
class model in the enlarged phase space. Some aspects of the reduction to the 
original degrees of freedom were cleared up and in particular the equivalence of 
the original and enlarged models in the path integral formalism was established. 
Applied to the Casalbuoni-Brink-Schwarz superparticle this allow a canonical 
covariant construction of the BRST operator [6]. 

In Ref. [7] and [8] a somewhat more direct approach for this problem was 
presented. There, a caraterization of the models with second class constraints, 
which can be viewed as gauge fixed versions of gauge invariant systems was tried. 
If one can identify, out of the original second class constraints 6i , a constraint 
f with vanishing Poisson bracket with itself and with all the other constraints 
but one (say x) one observe that the Senjanovic-Fradkin [2] measure split in the 
form: 

^ det{e,, e,Y'^ = det{ip, x}det{^^,, ^.f'^ (1.1) 

Here ^1)1 stand for the remaining constraints. This is the measure adequate for 
a gauge theory with gauge transformations generated by 99, and gauge fixing 
condition x subjected to the original second class constraints '^j . It remains to 
find the corresponding gauge invariant hamiltonian. This also can be done but it 
turns out that at this point non-local terms may reappear. 



- 3 

This approach may be of interest also for second class models for which the 
Poisson matrix may be handle without much trouble, since it may shed light 
on their underlying structure. This is the case with self dual and topologically 
massive electrodynamics in 3-D and with the various models of linearized massive 
gravity available in 3-D which we will discuss in this paper. All these models 
and many other field theories in 3-D have been studied intensively in recent 
years [9] [10] [11] [12] [13] [14]. The linearized topologically massive model (TMM) 
[9] which is a gauge invariant model is known to have the same spectrum and 
in this sense to be equivalent to two other models in 3-D. These are the self- 
dual model (SDM) and the so called intermediate model (IM) [10] [11]. The IM 
corresponds also to the linearization of the curved Vector Chern-Simons gravity 
action [12]. Both of them have second class constraints. Moreover they are 
respectively first order and second order in space-time derivates at the time that 
(TMM) is third order. Finally the IM presents a reduced gauge symmetry respect 
to the (TMM) and the (SDM) have no gauge symmetry at all. In Ref. [10] the 
three actions were shown to be deducible covariantly from a unique master action. 
Although indicative this fact does not established the canonical equivalence of the 
systems. There exists examples of systems connected in such fashion which are 
not equivalent [15]. In this paper we demostrate the canonical equivalence of the 
(SDM) and the (IM). We show that the (IM) is a gauge theory associated to the 
(SDM) and we construct explicitly, using the methods presented in Ref. [8], the 
gauge invariant hamiltonian of the former starting from the hamiltonian of the 
latter. 

Before enter these matters, let us return to our discussion of the determina- 
tion of the gauge theory associated to a system with second class constraints [8] . 
To consider a slightly more general case suppose that we have a system subjected 
to constraints 



satisfying 



(^i(p, g) = 1 = 1,- --N 


(1.2a) 


X\p,q)^0 i = l,---N 


(1.2b) 


i^j{P^'i) = j = l,---2M 


(1.2c) 




(1.3a) 




(1.3b) 


det{ifi,Xj} ^ 


(1.3c) 



Then (1) generalize in the obvious way with the the first class constraints, 
X* the gauge fixing conditions and the truly second class constraints. Let 
be the hamiltonian of the system. The associated gauge invariant hamiltonian 
must be of the form [8] : 



(1.4) 
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over the manifold defined by (1.2c) The coefficients in this 
mined by the condition 

{H, ifi} = W^j 

and are of the form [8] 

^(3jki = -{x\^i}~^{/3jk,^i} 

V/ = -{a\vi} + a^Ci (1.6) 

A similar construction allows to obtain a gauge invariant version of any 
object in the theory. The appearence of the factor {XjiVi}~^ (1-6) implies as 
mentioned that this approach may also have problems with non-localities. 



expansions are deter- 



(1.5) 



II. Self dual and topoUogically massive spin 1 in 3-D 

To motivate our presentation to the spin 2 models in section III let us review 
briefly in this section the case of the spin 1 as discussed in Ref. [8]. In {2 + 1)D 
massive spin one exitations may be described by the self dual or the topologically 
massive models defined respectively by 

SSD = !^< rnB^B'' - e^'^PB^^^Bp > (2.1) 

gTM ^1 + mFf^A^ > ■ F^ = e^"^Pdo,Ap (2.2) 

For the self-dual model is a Lagrange multiplier. Replacing the associated 
constraint one has: 

^^0^"" =< "^B.Bi + h^Si^diBif > (2.3a) 
Pi = -^SikBk (2.3b) 

The second class constraints (2.3b) may be replaced by the following rota- 
tionally invariant ones: 

ifi = diPi + -e,k^^Bk ~ (2.4a) 

Tfl 

X = -SijdiPj + -dkBk ~ (2.4b) 
Imposing canonical Poisson brackets for Pj and B^ we have 

{<P{X).X{V)} = -mdpp\x - y) (2.5) 
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We identify (p{x) as the generator of the gauge transformations and x(a;) as 
the gauge fixing condition. The gauge invariant hamiltonian is 

H = H^^+ < f3i{x,zi)x{zi) > + < P2{xi,zi,Z2)x{zi)x{z2) > + < a{x)^{x) > (2.6) 

From (1.6) we have 

Pi{xi,zi) = mK{xi - zi)diBi{xi) (2.7a) 

p2ixi,zi,Z2) = -^K{xi - Z2)S'^{xi - zi) (2.7b) 

where 

A^'Kix) = -5^{x) (2.8) 
Using the transverse + longitudinal (T+L) decomposition 

Bi{x) = diB^ + EijdjB'^ (2.9) 

in (2.6) we get the family of gauge invariant hamiltonians 

H = H^''+ < ^S^A5^ + ^S^AP^ - ip^AP^ > + < a{xMx) > (2.10) 
If one choose 



a= B^ - -P^ 2.11) 

4 2 ^ ^ 



we get finally 



H = H^^ = ^PkPk + \eijPjBi + "^BuBk + ^-{sijdiBjf (2.12) 

This hamiltonian is local and is exactly the one of the topologically massive model 
(2.2) (see [16] for example) and hence, this construction shows the canonical 
equivalence of the two spin one models. 

III. The self dual and the intermediate actions for spin 2 in 3-D 

In this section applying the methods described in the previous ones we es- 
tablish the canonical equivalence between the IM and the SDM. The action for 
the IM is given by: 

5^ = 1 < e'-^^^do^h^psP^^d^K, > < {e'^^^dfih^^f > +f < hp^eP^'-d^hZ > (3.1) 

where hap is an arbitrary second rank tensor. This action is invariant under the 
transformations 

Shap = da^n (3.2) 
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Let TTij be the conjugate momenta to hij . We introduce the decompositions 



^ij = o^y + Trfj , TT-j = TTji (3.3b) 



1 

2' 

(we use riij — {-\ ), = 1, £ij — £oij)- In general a superscript s will denote 

a spatial symmetric tensor. 

Using these variables one can shown easily that the action does not depends 

on hoQ , h and hoj and depends lineary on hio . Hence the system is subject to 
the primary constraints 

TToo ~ 0,7roj 0, (3.4) 
TT (3.5a) 

TTl 

= -^ik^ijdihjf. - —siihio + TT/o ~ (3.5b) 

Imposing the conservation of (3.4) and (3.5) since /iqo j h and hoj are la- 
grange multipliers, generate the secondary constraints 



do = SijSkididihjf, - meijdihjo ^ (3.6a) 

3?7T 777y 1 

Ok = -djii^^i, - —Sjidihj,. + —Sjkdihji + -eik£ijdrdihjo ^ (3.6b) 

ip = 2mh - TTn « (3.7) 



Inspection of the Poisson matrix of the constraints shows that there are three 
first class constraints given by 

TTl 

Qq = e - difli = -diTTio - —Sijdihjo (3.8a) 
Qk = Ok + ^SkidiTT (3.8b) 

which we take instead of (3.6). Equations (3.4), (3.5), (3.6b), (3.7) and (3.8) give 
the complete set of constraints of the systems. The constraints (3.4) are first 
class and appear, to allow writing the action in a covariant manner. They are 
analogous to ttq ~ in electrodynamics, n, Qi and ip are second class constraints. 
Qa (^ = 0, 1, 2) as stated above are first class and are the truly gauge generators 
of the model. The 18-dimensional phase space is then reduced by 4 second class 
constraints, 6 first class constraints are 6 gauge fixing conditions, to the 2 degrees 
of freedom needed to describe the single exitation of the system. 

After substituting the constraints, the hamiltonian for this model is given 

by: 

H =< — -£ijdihjoekidkhio — —eikSjihfjhli + —h^jh^j 
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The gauge transformation laws for hjo and hfj are easily obtained and take the 
expected form 

Shjo = J d'^x{hjo,^A{x)<dA{x)} = dj^o (3.10a) 
5hi, = J d^x{h,j,Uix)@Aix)} = li^,CJ+^J^^) (3.10b) 
Sh = J (fx{h, U{x)Qa{x)} = Isijdi^j (3.10c) 
Let us turn to the SDM. It is defined by the action 



2 

SSD _!^^al3jWapd^WP - '^{W^.-W'^ - WPW^) > (3.11) 

in terms of the second rank tensor W^a ■ Let P^q, be the conjugate momenta. 
We define the symmetric and antisymmetric components of Wij and as in 
(3.3). Since (3.11) is first order in time derivates it is not possible to resolve the 
momenta in terms of the velocities. There appear nine primary constraints, one 
associated to each momenta. We have 

rri 

^tj = Ptj - -^{sikW^^ + SkjW^,) + mSi^W ^ (3.12a) 
pRiO (3.12b) 

TTl 

ifi = P,o + —SijWjo ^ (3.12c) 
Poo « Po,- (3.13) 

The constraints (3.13) are first class and so they can be used to remove six 
degrees of freedom. Conservation of (3.13) led to the secondary constraints 

( = mWfi+e,jd,Wjo-0 (3.14) 
Ck = mWko + SijdiW^j, - dkW « (3.15) 

This gives twelve constraints and three gauge fixing conditions restricting the 
18 dimensional phase space. Looking for terciary constraints one verifies that 
conservation of 

A = p + C-^ (3.16) 
m 

which we take instead of C, implies the last constraint 

W (3.17) 
The hamiltonian for the SDM is simply 



H^^ =< ^Wf^Wi^ - ^Wf^W^^^ > (3.18) 
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The momenta Pqj and Pqq and the lagrange multiphers Woo and Woj play 
in this model the same role that Hoj , ttoo ? ^oo and /iqj in the IM and we have 
not to be worried further about them. Eq. (3.12b) and (3.17) set the canonically 
conjugate pair (P,W) to zero. We verify explicitly that (pfj, P, (pi, and A are 
second class. To show the canonical equivalence of the SDM and the IM our 
strategy in what follows consists of: i) To recognize in the set of constraints 
of the SDM ((3.12), (3.13), (3.14), (3.15) and (3.17)) the first and second class 
constraints of the IM ((3.5), (3.6b), (3.7), (3.8)), ii) To relate the remaining 
constraints of the SDM with gauge fixing conditions in the IM and in) To show 
that the gauge invariant hamiltonian of the IM may be written in the form given 
schematically by (1.4). 

Using (3.17) the first class constraints (3.8) of the IM may be recovered in 
the form 

'do\h=W; -n-=p = -di(fi (3.19a) 



Qk\h=W; ■K=p = -dj(fkj - -j^^kjdji^m + - 2mP) + mdiW 



(3.19b) 



The second class constraints (3.5) and (3.7) of the IM, in turn, may be 
reconstructed in the form: 

P\h=W; = P (3.20a) 

^i\h=W; n=p = <Pi- £ijdiW (3.20b) 

^\h=w; i,=p = ^mW - ^11 (3.20c) 

This completes the reconstruction of the constraints of the IM. The physical 
sub-manifold of the SDM may be then described by (3.19), (3.20) and a set of 
three other independent constraints also constructed by combinations of (^f^ , P , 

(^i , Cfc , A and W which are to be interpreted as gauge fixing conditions asociated 
to (3.19). We are free to choose any such set with the only requirement of being 
independent of (3.19) and (3.20). It can be seen that this independent set is 
expanded by A , ipa and Sij di (fj . Good choices xa for this gauge fixing 
conditions are 

Xo = s^j^i(pj + -^Alpu (3.21) 
Xi = -diX + ^Sijdjipkk (3.22) 

They satisfy 

{xa{x), esiy)} = mdABdp]6{x - y) (3.23) 
in analogy with the vectorial case (2.5). 
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Let us discuss now the relation between and H^^ . An explicit compu- 
tation shows that on the manifold defined by (3.19), (3.20), (3.21) and (3.22) we 
have 

H^\h^w, 7r=p = (3.24) 

Equation (3.24) is a necessary condition for to have the structure given 
by (1.4). To complete the proof of the canonical equivalence between the SDM 
and the IM let us compute explicitly the coefficients in the expansion (1.4). which 
in this case simplify to 

jji ^ jjSD^ ^ oaOa + apP + a^i/j + ai^i > 

+ < PaXa > + < PabXaXb > (3.25) 

Here no additional terms are needed because the hamiltonian is quadratic in 
the fields. Then, following the general method described in the introduction, we 
obtain 



Po{x,z)^0 (3.26) 
Pk{x, z) = -iik{x - z){ekieijdiW^f (3.27) 

and the only non vanishing Pab is 

Mx,zi,Z2) = -\k{x - zi)skid^'eijdpKiz2 - zi) (3.28) 

From (3. 9), (3. 18) and (3.25) one can compute the expression for the a's. This 
can be done for example factorizing the constraints in (3.9) and comparing with 
(3.18). Then one can see that the /9's appear naturally and we obtain: 

< OiA^A + oipP + a^^J + di^i >= 

1 TYli 

< ei{-A)-^[diPkk - dkPki - -^SikdkP - —ekldkWii+ 

- -^^ikdhWii - - {A6ik - didk)Wko]+ 

+ eo[-3-P + {-A)-\SkiA - dkdi)Wki]+ 
2m 

» 771 — ^ 771 

+ i^[--P^^ -^W- {-A)-'e,k^^^lWlk] + 
iD o / 

+ Pi^^diPio + ]P- \eikdiWko + 2m{-A)-\A5ik - didk)Wik] > 

2^ ^ ^ (3.29) 

Introducing (3.29) in (3.25) we have an identity which establishes the canonical 
equivalence of SDM and IM and our interpretation of the SDM as an explicitely 
covariant gauge fixed version of the IM. 
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IV The full gauge invariant extension for H 

In the last section, there were 4 second class constraints, represented by , 
TT and Qi ((3.5), (3.7)), that did not play any role in the proof of the canonical 
equivalence between the SDM and the IM. They could be used, futher, to 
obtain a full gauge invariant form of , and expedite the construction of the 
effective action for the /M, and consequently for SDM . 

Let us rename and redefine this set of constraints as 



93 = Att (4.1, a) 

©4 = diQi = diTTio - -jSijdihjo - (SijA - didj)hij (4.1,b) 

(4.1,c) 

TTi 

X4 = -EijdiOjj = -eijdiTTjo - —dihio - Sijdidkhjk (4.1,d) 

where we are sugesting to take ©3 and ©4 as first class constraints and the x's 
as gauge fixing conditions. Their Poisson matrix is 

{QA'ix), QB'iv)} = mSA'B'dp^S{x - v) (4.2) 

Let be the full gauge invariant form of . Like in (1.4) we impose that 

= < aA'OA' > + < Pa'Xa' > + < Pa'B'Xa'Xb' > (4.3) 
where A' = 3,4. Following the same procedure presented, we obtain 

p3{x,z)^0 (4.4,a) 

1 1 Tfi 

/34{x,z) = —K{x - z)[{5ijA - didj)'Kij{x) + -A^7rii(a;) + —Sijdidkhkj{x)] 

Pssixi, Zi, Z2) = /334{xiZi, Z2) = (343{xiZi,Z2) = (4.4,c) 

/?44(a;i, zi, Z2) = ^^^(^ - zi)5{x - Z2) (4.4,d) 

As we pointed out before the a's in (1.4), (3.24) and (4.3) remain unfixed. 
For a particular choice they may give a canonical connection with the TMM. 
Nevertheless since this model is written in terms of third derivatives its canonical 
structure should be analyzed with special care [17] in order to establish such 
equivalence. This would be done elsewhere [18]. 
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